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Abstract 
Metal silos used to store granular solids often take the form of a cylindrical shell with 
an aspect ratio in the range 2 < H/D < 6.  It has long been recognised that the most 
serious load case for all silos is probably the condition of eccentric discharge of its 
stored solid, but in circular metal silos this is especially true.  More failures have 
occurred under this condition than any other.  This high failure rate is chiefly due to 
the complexity of the pressures exerted by an eccentrically discharging granular 
material, and the difficulty in understanding the pattern of stresses that develops in a 
shell wall under such unsymmetrical pressure regimes.  The nonsymmetric behaviour 
of a shell structure under unsymmetrical pressures is not at all well described in the 
voluminous shell structures literature, and only a few studies have explored the 
mechanics leading to high local stresses which in turn lead to buckling failure under 
eccentric discharge. 
 
This study follows an earlier initial exploration [26], in which buckling in a 
moderately slender perfect silo was explored.  Here, the work is taken further to 
explore a very slender structure, and to investigate the imperfection sensitivity of this 
failure mode.  The pressures caused by eccentric discharge are characterised using the 
new rules of the European Standard EN 1991-4 [5] that defines the Actions in Silos 
and Tanks.  Using this new improved description of unsymmetrical eccentric 
discharge pressures, it is now possible to perform relatively realistic calculations 
relating to this common but complicated shell buckling condition.  The calculations 
described here are part of a wider study believed to be the first of its kind and are 
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undertaken using geometrically and materially nonlinear analyses in accordance with 
the European Standard EN 1993-1-6 [6] on Strength and Stability of Shells.  The 
paper explores the structural behaviour of a slender silo under eccentric discharge, 
leading to buckling and including the critical effects of changes of geometry and 
imperfection sensitivity.  
 
Keywords: Thin shell structures, solids flow, structural stability, nonlinear computer 
analysis, shell buckling, imperfection sensitivity, geometrically nonlinear. 
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1. Introduction 
It has long been recognised that the pressures on the walls of silos for the storage of 
granular solids change considerably from the state of filling and storing to the state of 
solids discharge.  The latter case dominates silo design.  But of all the potential 
patterns of pressure during discharge, the condition in which a channel of flowing 
solid develops against one part of the wall of a circular silo is by far the most 
demanding.  This condition, termed eccentric discharge, has led to many serious and 
catastrophic failures and is most damaging of all in slender metal silos (a slender silo 
has an aspect ratio greater than 2 according to EN 1991-4 [8]).  The failure mode in 
such slender thin-walled silos is buckling due to local axial compressive stresses, 
which are induced by unsymmetrical normal pressures against the wall.  
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Fig. 1 − Patterns of solids flow in silos of different aspect ratio (after EN 1991-4 [8])  
 
In an earlier study [30], the phenomenon of buckling in a moderately slender perfect 
silo was explored.  The basic mechanics were described, but it was not possible to 
determine how significant the effects of slenderness and imperfection sensitivity 
might be.  Since these two aspects are particularly important in metal silos, they are 
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the subject of this study.  Further features of the problem, notably the question of 
what should be taken as failure, are also discussed.  The significance of the category 
“very slender” is illustrated by the patterns of solids flow in silos shown in Fig. 1, 
which is taken from EN 1991-4 [8]. 
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Fig. 2 − Illustration of eccentrically discharging flow channel and geometry of the 
example silo 
 
When the silo is eccentrically discharged (see Figs 2 and 3), a very unsymmetrical 
pattern of normal pressures on the silo wall can arise, which leads to greatly increased 
local axial compressions that dramatically exacerbate the problem of buckling [20, 
28].  A moderately realistic representation of the resulting pressure pattern is, for the 
first time, codified in the relatively recent European Standard EN 1991-4 [8].  The 
reader is invited to consult [4, 12, 24, 25] for background material on flow patterns 
and loadings in silos to illustrate the scope and load cases found in the EN 1991-4 [8] 
standard.  
 
In this paper it is shown that failure under eccentric discharge is by buckling in the 
elastic range of material behaviour under local axial compressive membrane stresses 
induced by this highly unsymmetrical flow regime.  This explanation is supported by 
the some research studies [22,24,25], but contradicts earlier work [14,20,35] and 
others.  The latter authors’ theories assume that a shell may be treated as a two-
Published in: Engineering Structures, 33(4), 1187-1194. 
DOI: http://dx.doi.org/10.1016/j.engstruct.2010.12.040 
5 
 
dimensional ring at each level, and consequently that failure is governed by yielding 
due to circumferential bending and tension.  Such a treatment may be more realistic 
for thick-walled reinforced concrete silos.  However, as was shown in [30] and will be 
expanded on further here, thin-walled metal silos behave very differently.  
2. Pressure patterns in silos 
The increased normal pressures that occur on a mass flow silo wall during concentric 
discharge fluctuate very erratically (see Fig. 3), and it is not yet possible to express 
them by simple equations [17,18,22,28].  Nonetheless, the increase in pressures is 
traditionally implemented in design through primitive overpressure factors which are 
based on early attempts at quantifying this phenomenon (e.g. [2,15]), though these 
attempts have not been successful at reproducing even the form of experimental silo 
pressure observations [28].  
 
 
 Fig. 3 − Example of measured erratic wall pressures during concentric discharge of a 
silo from five pressure cells at the same level but at different circumferential 
locations, after [28] 
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In the first design standards which attempted to deal with this problem [3,6,13], the 
effect of eccentricity of filling and discharge of solids was treated as an additional 
unsymmetrical component to the axisymmetric solid pressures.  This treatment 
attempted to reproduce the structural consequences of asymmetrical loads on silos. A 
simple ‘patch’ of normal pressure with a prescribed magnitude, distribution and 
location was implemented in design.  This approach, though rudimentary and hardly 
representative of a realistic pressure pattern, correctly identified unsymmetrical 
normal pressures rather than increased uniform pressures as being critical to early 
failure, though the implied expectation was that structural failure would be caused by 
circumferential bending.  
 
Unfortunately, codified representations of patch loads differ considerably from one 
standard to another [30], mainly due to the lack of calibration using the pressures 
arising during eccentric discharge.  The effect of patch loads has been found to be 
very detrimental in linear bifurcation analyses, but their effect on geometrically 
nonlinear bifurcation loads seems to be quite small [31,32].  Patch loads therefore 
cannot be relied upon to offer a conservative design process for eccentric discharge. 
 
The recently published EN 1991-4 [8] defines three Action Assessment Classes which 
require different levels of sophistication in design, together with a range of properties 
for each stored material since different properties cause different aspects of the design 
to become critical.  In the present study, as in the earlier study of [30], the 
unsymmetrical pressures caused by eccentric discharge are investigated using the 
rules of the relatively recent EN 1991-4 [8], based on a simplified version of the 
theory of Rotter [21,22].  This theory proposes a distribution for the pressures 
resulting from a parallel-sided circular flow channel forming against the wall, shown 
in Fig. 4.  In the simplified EN 1991-4 [8] version, the solid exerts Janssen pressures 
outside the channel, elevated pressures at the edges and significantly decreased 
pressures within the flow channel.  The relationship between the pressure drop and 
increase is chosen to retain the mean pressure at the Janssen filling value.  This leads 
to a small global overturning moment on the silo inducing axial tension on the face 
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adjacent to the flow channel.  EN 1991-4 [8] requires this distribution to be used in 
the design of silos where eccentric discharge is expected and if the silo is in Action 
Assessment Class 2 or 3.  
 
This simple model for the pressures associated with eccentric discharge is reasonably 
valid for solids that form steep-sided flow channels, which are packed more densely 
than the critical state, or with potential to develop cohesion [25,33]. In the previous 
study [30], the silo was designed to store wheat, which certainly does not flow in this 
manner, so the calculations presented there must be understood to relate to a densely 
packed solid that happens to have properties similar to those of wheat.  In this paper, 
the stored solid is, instead, assumed to be cement, which is much more likely to 
develop a flow pattern in this form [16].  
 
 
Fig. 4 − Circumferential cross-section of eccentric flow channel horizontal pressures, 
after EN 1991-4 [8] 
 
3. Design of an example steel silo for axisymmetric loading  
The goal of this paper is to explore the structural behaviour of a silo under eccentric 
discharge when it has not been designed for it.  To this end, a design was produced for 
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an example silo subjected to axisymmetric loads only, and its behaviour under 
unsymmetrical loads due to eccentric discharge was investigated with a finite element 
analysis.  Accidental eccentric discharge may occur due to blockages, feeder 
malfunction, material segregation due to humidity or different packing densities, and 
many other causes [25]. 
 
A simple cylindrical steel silo with a vertical wall, flat bottom and conical shell roof 
(inclination 15º to the horizontal) was designed for symmetrical loads only arising 
from the storage of 677 metric tons of cement with Class D2 wall friction (‘smooth’, 
with a mean wall friction coefficient of µ = 0.46).  Structural design was done 
according to EN 1993-1-6 [9] hand calculations and included the strengthening effect 
of internal pressure on the buckling resistance, with properties for cement taken from 
EN 1991-4 Annex E [8] using the maximum friction case since the design against 
buckling is dominant.  In all cases the loading consists of internal pressure (pn) and 
frictional tractions (pf) only: there is no further axial loading beyond that caused by 
friction between the granular solid and the silo wall (pf = µpn). 
 
The cylinder wall height was 26 m and the radius 2.5 m, giving an aspect ratio of 5.2, 
which places it far into the class of ‘Slender’ and corresponds to a very slender 
design.  Action Assessment Class 2 was assumed based on the storage capacity.  The 
requirement for a small unsymmetrical patch load on the silo, which has little effect 
on a design of this kind, was ignored to keep the design as simple as possible for 
future interpretation.  Discharge factors for normal pressures (Ch) and frictional 
tractions (Cw) were taken as 1.15 and 1.1 respectively.  The partial safety factors for 
unfavourable actions (γF) and for stability (γM1) where taken as 1.5 and 1.1 
respectively, separating the characteristic values by a factor of 1.5×1.1 = 1.65 (EN 
1993-4-1 [10]).  This safety factor provides a valuable reference against which 
nonlinear computational analyses may be assessed.  
 
As in all normal engineering practice for silo design, the wall thickness was varied in 
a stepwise manner from 3 mm at the top to 9 mm at the base.  This made the wall just 
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thick enough at the base of each strake and at the silo base.  To ensure that the design 
was just critical at the base of each strake, the strakes were permitted to have any 
length and were not constrained by practical steel sheet widths.  The design axial 
membrane stress resultants and design resistances are shown in Fig. 5.  A membrane 
stress resultant is calculated as the product of the local stress and the local thickness 
values, and thus shows a continuous line down the meridian of the silo.  The 
corresponding design thicknesses for buckling are shown in Fig. 6 (evaluated in a 
point-wise manner irregardless of the finite size of true buckles, as required by the 
hand-design procedure of EN 1993-1-6 [9]), together with the much smaller design 
thicknesses required to withstand simple bursting failure alone.  A similar design 
procedure, though for a silo of a lower aspect ratio which additionally included a 
uniform wall thickness design, was used in the previous study [30]. 
 
 
Fig. 5 − Distribution of design axial membrane stress resultants 
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Fig. 6 − Distribution of design thicknesses to resist bursting and buckling 
 
The buckling strength assessment according to EN 1993-1-6 [8] requires that the 
quality of expected construction is considered at the design stage.  A Fabrication 
Tolerance Quality Class of C (i.e. ‘normal’) was assumed, corresponding to a more 
imperfect wall which was therefore thicker.  The shell material was assumed to be 
isotropic steel with an elastic modulus of 200 GPa, a Poisson’s ratio of 0.3 and a yield 
stress of 250 MPa.  The reader may consult [7, 26] for in-depth background material 
on the EN 1993-1-6 [9] standard. 
 
4. Numerical analysis of the example silo  
The aim of this study is to explore the behaviour of the example silo under both 
concentric and eccentric discharge.  For such comparisons, it is necessary to perform 
different types of computational analysis with the different load cases.  The silo was 
therefore first analysed under the symmetrical design loads and then under eccentric 
discharge using the commercial finite-element package ABAQUS [1].  The wall was 
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assumed to have a pinned base, whilst the conical roof gave a realistic restraint of out-
of-round displacements, which is important when analysing silos under 
unsymmetrical loads [5,23].  Using symmetry, only half of the silo was modelled with 
powerful but computationally expensive nine-node reduced-integration S9R5 
elements.  In addition to being able to accurately predict the correct buckling load and 
mode, a half-structure model is more computationally efficient than a whole-structure 
model [34].  It was also verified that a whole-structure model produced buckling 
modes that were symmetric relative to the plane of symmetry through the structure 
under both concentric and eccentric discharge loads (Fig. 4).  
 
The roof was modelled with four-node reduced integration S4R5 elements in order to 
save on computation time.  The small error arising from the C0 discontinuity between 
the S4R5 and S9R5 elements (which shared all nodes at the eaves) was confined to a 
very local zone, and did not affect any of the outcomes or stress patterns reported 
here.  This was additionally verified by calculations that used S9R5 elements 
throughout the model.  Within the cylinder of the silo, the internal pressure and 
frictional traction loads were applied as normal pressure and surface traction 
components on each S9R5 element.  The S4R5 elements of the roof were not loaded 
directly.  The mesh resolution was carefully increased near changes of wall thickness, 
local imperfections, the entire flow channel and in regions where buckles were 
expected to form.  An ideal elastic-plastic material law was assumed.  The 
geometrically nonlinear load-deflection paths were followed using the modified Riks 
procedure which uses full arc length control [19] and its implementation in ABAQUS 
[1] retains the strain history at the end of each load increment to capture the full path 
dependency of the outcome when plasticity is involved. The internal pressure and 
frictional traction loadings were proportionately scaled in the Riks procedure. 
 
Local axisymmetric imperfections representing weld depressions in the form Type A 
defined by Rotter and Teng [29] were introduced at all changes of plate thickness and 
at selected intervals between them.  The depression amplitude was chosen as 
identical, in each strake, to the value adopted in the hand calculation design process 
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according to EN 1993-1-6 [9].  This choice was made to produce a silo corresponding 
to typical commercial practice and to retain consistency between the design and the 
computational calculations. 
 
The full suite of computational shell buckling calculations were performed according 
to EN 1993-1-6 [9]: LA – Linear elastic Analysis to find the reference stresses; 
LBA – Linear Bifurcation Analysis to find the lowest linear buckling eigenvalue and 
eigenmode; MNA – Materially Nonlinear Analysis to find the reference plastic 
collapse load; GNA/GMNA – Geometrically Nonlinear Analysis without/with 
material plasticity to find the lowest bifurcation load and mode; and GNIA/GMNIA –
 Geometrically Nonlinear Analysis with Imperfections without/with material plasticity 
to find the lowest bifurcation load and mode for the imperfect structure.  A similar 
program of calculations was used in [30], since it is clear that this comprehensive set 
gives the fullest insight into the behaviour of any complex structural system under 
static loads.  
 
5. Results and discussion  
5.1 Behaviour of the example silo under symmetrical discharge 
pressures 
The very slender silo was first analysed under symmetrical loading with the 
characteristic values of the discharge pressures and frictional tractions assumed in the 
design calculations.  It is known that many conservative assumptions are incorporated 
into the hand design process according to which the silo was designed, so the safety 
factor of 1.65 assumed in design was expected to be exceeded when the silo was 
analysed using a GMNIA analysis.  The load proportionality factors at failure were 
evaluated for each analysis type.  These are analogous to the product of the partial 
safety factors adopted in limit state [10] or LFRD design.  A summary of the load 
factors achieved under concentric discharge is given in Table 1.  The corresponding 
buckling modes are shown in Fig. 7 while the nonlinear load-axial displacement paths 
are presented in Fig. 8.  
Published in: Engineering Structures, 33(4), 1187-1194. 
DOI: http://dx.doi.org/10.1016/j.engstruct.2010.12.040 
13 
 
Table 1 − Summary of load factors for the example silo under concentric discharge 
 
 
Fig. 7 − Incremental buckling modes (except for LBA and MNA) under concentric 
discharge 
 
The critical location for buckling failure under axisymmetric loading is always at the 
base of a strake, since the axial compression increases monotonically from top to 
bottom (Fig. 5).  In this case the critical zones are either the bottom of the thinnest 
3 mm or 8 mm strakes, although because all strakes were designed to be equally 
critical, there is little to choose between them in determining which will be just the 
most critical.  The high values for the LBA and MNA load factors suggest that 
Concentric discharge load 
proportionality factors 
LBA MNA GNA GMNA GNIA GMNIA 
7.65 4.54 7.31 3.85 3.41 2.83 
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stability and plasticity will interact, which is then reflected in the large drop in load 
factor from GNA to GMNA and the development of the elastic-plastic elephant’s foot 
buckling mode at the base of the silo.  Additionally, the GNA load factor is very close 
to the LBA load factor (and the load-deflection paths overlap, see Fig. 8) which shows 
that the pre-buckling behaviour is very close to linear.  The introduction of a 
circumferential weld depression imperfection of the design amplitude is detrimental to 
the silo strength, and the GMNIA mode reflects the MNA plastic collapse mechanism. 
A similar behaviour was found for the much less slender silo in the previous study 
[30], so the present study confirms this behaviour as characteristic for a wider range 
of geometries. 
 
 
Fig. 8 − Nonlinear load-axial displacement paths under concentric discharge 
 
The lowest GMNIA factor of 2.83 is 72% larger than the hand calculation value of 
1.65.  Since the axisymmetric weld depression is probably the most damaging 
practical form [26], the assumptions in the hand design process for symmetric loads 
are quite conservative, both for the elastic stability and plastic collapse calculations. 
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The nonlinear load-displacement paths are very typical for shells under axisymmetric 
loading.  The node whose displacement is shown is at the top of the silo.  The 
introduction of axisymmetric weld imperfections reduces the stiffness markedly and 
also causes earlier failure.  The more sophisticated analyses produce lower load 
factors, so both geometric and material nonlinearity must be considered in silo design 
under symmetrical loads. 
 
5.2 Behaviour of the example silo under eccentric discharge pressures 
The main aim of this paper is to explore the structural behaviour and imperfection 
sensitivity of a very slender silo under an (accidental) eccentric discharge event.  Such 
discharge conditions often precipitate silo failures, when either a feeder malfunctions, 
an outlet intended for final cleanout is opened when the silo is full, a new discharge 
device is fitted without proper testing and other similar conditions (see EN 1991-4 
[8]).  Thus the following calculations give a good insight into many silo disasters.  
Here, the eccentric discharge flow channel size (rc) is taken as 0.6 times the silo 
radius (see Fig. 4), as it was believed to be about the most detrimental size.  
 
Under the unsymmetrical pressures defined by EN 1991-4 for very eccentric 
discharge (Fig. 4), high axial compressive membrane stresses develop close to the 
midheight of the silo down the centre of the flow channel [22,24] as a direct 
consequence of the unsymmetrical pattern of normal pressures [11].  By contrast, high 
axial tensile stresses develop at the edges of the flow channel, with compressive 
values at the base.  Clearly, either of the two regions of high compressive stress may 
become critical for buckling failures, depending on the axial variation of plate 
thicknesses and internal pressure.  This stress distribution, first identified by Rotter 
[22], is shown in Fig. 9 for the GNA/GMNA analysis at the instant before bifurcation. 
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Fig. 9 − Axial membrane stress distribution (at instant of bifurcation) under eccentric 
discharge analysed with GNA/GMNA and LA (factored with LBA) 
 
The largest compressive stresses are at the base of the silo wall at the edge of the flow 
channel, and if the wall thickness had been uniform throughout the silo, this location 
would be critical and susceptible to local elastic-plastic buckling failure (as seen in 
[30]).  However, since high compressive stresses also develop at midheight at the 
centre of the flow channel, this location becomes critical because the local wall 
thickness is less, as is always the case in practice.  On the far side of the silo from the 
channel, the axial membrane stress resultant is almost unaffected, and closely 
corresponds to the axisymmetric loading case, demonstrating that the global moment 
applied to the silo by the adopted pressure pattern is not significant. 
 
A summary of the load factors at failure for the example silo under eccentric 
discharge is presented in Table 2.  The incremental buckling modes are shown in Fig. 
10, while the nonlinear axial displacement paths are presented in Fig. 11.  The axial 
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displacement is shown for a point at the top of the silo at the centre of the flow 
channel. 
 
Table 2 − Summary of load factors for the example silo under eccentric discharge 
 
All the load factors in Table 2 are very far below the concentric discharge values.  
This illustrates the very damaging effect of unsymmetrical pressures on cylindrical 
shells.  The design, which was so conservative under concentric discharge, is very far 
from safe under eccentric discharge.  The MNA factor, relating to a plastic collapse 
mechanism in circumferential bending, is higher than all the others and does not 
contribute to the behaviour at all.  This is an important observation for those who have 
believed that the failure mechanism was yield under circumferential bending 
[14,20,35]. 
 
It is surprising to find that the GNA factor is almost double the LBA factor, 
suggesting that large deformations change the geometry considerably and result in 
significant strength gains.  Figure 9 additionally shows the reference LA values (at the 
LBA factor), which are much greater than the GNA pre-buckling stresses.  This 
phenomenon, by which a flattening of the shell wall by an unsymmetrical pressure 
pattern leads to reduced axial compressive stresses, is a rather unexpected finding. 
The flattening of the wall causes a locally increased radius-to-thickness ratio.  It had 
been commonly supposed in the past (e.g. [21]) that a further reduction might have to 
be included in the buckling strength evaluation.  Evidently, this concept was wrong.  
It illustrates the need for many further studies of cylindrical shells under 
unsymmetrical loads to achieve a fuller understanding of the mechanics of the 
behaviour.  
 
Eccentric discharge load 
proportionality factors 
LBA MNA GNA GMNA GNIA GMNIA 
0.21 0.65 0.37 0.37 0.22 0.20 
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Fig. 10 − Incremental buckling modes (except for LBA and MNA) under eccentric 
discharge, including an example of an actual buckle of a silo in service (J.M. Rotter) 
 
The buckling modes in Fig. 10 show that buckles occur exclusively at midheight.  
Additionally, the identical values for the load factors of the GNA and GMNA 
analyses, and the closeness of the load factors for the GNIA and GMNIA analyses, 
show that the buckling is almost entirely elastic, whether the silo is perfect or 
imperfect.  This failure mode relates well to known failures in service, as illustrated in 
the same figure.  
 
The load-displacement paths of Fig. 11 show that the structure exhibits significant 
stiffening behaviour under geometric nonlinearity (the GNA/GMNA paths) when a 
significant change of shape occurs due to the local circumferential inward bending at 
the flow channel.  There is a sharp bifurcation peak followed by a reversal in the 
loading path, typical of highly imperfection-sensitive unstable post-buckling 
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behaviour [36].  With imperfections included, the GNIA and GMNIA paths show a 
clear point of inflection at a load factor of approximately 0.22, followed by indefinite 
geometric hardening with a progressive growth of the imperfection mode.  With no 
negative eigenvalues reported at the change of slope, it is evident that a smooth 
transition has been made from the pre-buckling to the stable post-buckling mode.  
 
This phenomenon often occurs when imperfection amplitudes are large and result in a 
blurring of the buckling behaviour [27,36], illustrated further on the imperfection 
sensitivity curve in Fig. 12.  As the imperfection amplitude is increased, the 
bifurcation point progressively disappears and turns into a point of inflection on the 
load-displacement path, a phenomenon that is shown clearly in Fig. 13.  This figure 
also shows that smaller imperfection amplitudes lead to bifurcation points at lower 
load factors and raises the vital problem for computational analysts to decide what 
criterion of failure should be used when the transition from pre- to post-buckling is 
smooth.  The plot shown in Fig. 12 follows the style of Yamaki [36] in indicating 
inflection points when no bifurcation occurs, but it poses a significant problem for the 
re-drafting of EN 1993-1-6 [9] because the analyst exploiting GMNIA calculations 
cannot be expected to generate an entire imperfection sensitivity curve to identify this 
condition when only trying to design one structure.  The standard currently specifies 
large amplitude imperfections in the expectation that this will lead to low strength 
evaluations, and although it requires the analyst to check that lower amplitudes do not 
reduce the strength, the condition of a smooth transition such as that seen here is not 
really taken into account. 
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Fig. 11 − Nonlinear load-axial displacement paths under eccentric discharge 
 
 
Fig. 12 − GNA imperfection sensitivity curve 
Published in: Engineering Structures, 33(4), 1187-1194. 
DOI: http://dx.doi.org/10.1016/j.engstruct.2010.12.040 
21 
 
 
Fig. 13 − Nonlinear load-axial displacement paths for the GNA imperfection 
sensitivity curve 
6. Conclusions 
The following conclusions may be drawn, based on the results of this study: 
1. For stepped-wall silos under axisymmetric loading conditions, nonlinear finite 
element computations have shown that the provisions of the EN 1993-1-6 [8] 
shell structures standard for direct (hand) design are very conservative for both 
stability and plastic collapse calculations.  
2. The eccentric discharge pressure model of the relatively recent EN 1991-4 
standard is highly damaging to a realistic very slender stepped-wall thin-
walled metal silo which has not been explicitly designed for eccentric 
discharge.  This pressure pattern completely overcomes the reserve of strength 
that the silo had under concentric discharge and provokes a very early elastic 
buckling failure.  The cause of this early failure is the development of very 
high axial compressive membrane stresses down much of the silo wall near the 
centre of the flow channel, with its peak at approximately midheight. 
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3. The imperfection sensitivity of a very slender thin-walled metal silo under 
eccentric discharge is highly complex and counter-intuitive.  At small 
imperfection amplitudes, dramatic bifurcation buckling occurs.  But larger 
amplitudes may completely remove the bifurcation point, turning it into a 
point of inflection on the smooth path from pre-buckling to post-buckling.  
This provokes the vital question for all computational analysts of imperfect 
shells: what criterion of failure should be used in structures with such a pattern 
of behaviour?  
4. The lowest GMNIA buckling load factor may well occur at imperfection 
amplitudes much lower than those prescribed by EN 1993-1-6 and, although it 
is required by EN 1993-1-6, it is very onerous for the shell analyst to be 
required to seek out the lowest point on the imperfection sensitivity curve for 
every designed structure.  
5. It has been found that the silo wall undergoes significant local flattening when 
subjected to the unsymmetrical pressures associated with the EN 1991-4 
eccentric discharge condition.  Furthermore, this flattening actually leads to 
reduced axial compressive stresses and thus an increased nonlinear buckling 
strength when compared to the linear buckling strength value.  Consequently, 
flattening of the silo wall should not be included in the buckling strength 
evaluation as it cannot be guaranteed that the resulting assessment will be 
conservative under all load cases.  Further research is needed to understand the 
mechanics of this behaviour. 
 
The provisions of the EN 1993-1-6 standard for nonlinear computational analyses of 
imperfect shells should be re-drafted.  It is clear that they were formulated by 
considering the experimental database, which is dominated by axisymmetric loading.  
When these provisions are applied to shells under non-symmetric loading that leads to 
complex behaviour, the interpretation of the calculations for design purposes may be 
quite difficult. 
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